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In this work we present a study on the characterization of ordered and disordered hyperuniform
point distributions on spherical surfaces. In spite of the extensive literature on disordered hyperuni-
form systems in Euclidean geometries, to date few works have dealt with the problem of hyperuni-
formity in curved spaces. As a matter of fact, some systems that display disordered hyperuniformity,
like the space distribution of photoreceptors in avian retina, actually occur on curved surfaces. Here
we will focus on the local particle number variance and its dependence on the size of the sampling
window (which we take to be a spherical cap) for regular and uniform point distributions, as well
as for equilibrium configurations of fluid particles interacting through Lennard-Jones, dipole-dipole
and charge-charge potentials. We will show how the scaling of the local number variance enables
the characterization of hyperuniform point patterns also on spherical surfaces.
I. INTRODUCTION
Since the pioneering work of Torquato and Stillinger in
the early 2000s [1], hyperuniformity has been the focus
of a large collection of works of relevance in the fields of
physics (e.g. random jammed hard-particle packings [2],
driven nonequilibrium granular and colloidal systems and
sand pile models [3–6], and dynamical processes in ultra-
cold atoms [7]), materials science (photonic band-gap ma-
terials [8–10], dense disordered transparent dispersions
[11], composites with desirable transport, dielectric and
fracture properties [12–15], polymer-grafted nanoparticle
systems [16], and “perfect” glasses [17]), and biological
systems (photoreceptor mosaics in avian retina [18], and
immune system receptors [19]). The defining characteris-
tic of these hyperuniform systems is the anomalous sup-
pression of density (particle number or volume) variances
at long wavelengths. In Euclidean space this implies that
the structure factor S(Q) ≡ 1 + ρh˜(Q) tends to zero as
the wavenumber Q ≡ |Q| → 0 [1], i.e.,
lim
Q→0
S(Q) = 0. (1)
Here h˜(Q) is the Fourier transform of the total correla-
tion function h(r) = g2(r)−1, g2(r) is the pair correlation
function and ρ is the number density.
Hyperuniformity in most of the systems enumerated
above is a large scale structural property defined in an
Euclidean space. However, strictly speaking, one can also
transfer the concept to non-Euclidean geometries. A par-
ticular case of relevance in this connection is the avian
photoreceptor distribution, which, if one is to consider
it rigorously, must be treated on a curved surface, that
of the retina. Obviously, to a first approximation, if the
size of the receptors is small compared to the intrinsic
curvature of the retina, one can reduce the problem to
that of a particle distribution on a flat surface. How-
ever, this does not have to be necessarily the case in all
instances. The extension of the concept of hyperunifor-
mity to sequences of finite point sets on the sphere was
introduced in the very recent works of Brauchart and
coworkers [20, 21], where the problem is addressed from
a formal mathematical perspective and connected to the
more general problem of spherical designs. Point pat-
tern designs on spherical surfaces are key in the develop-
ment of optimal Quasi Monte Carlo (QMC) integration
schemes [22]. These have been extensively used to con-
struct efficient quadratures to evaluate illumination inte-
grals which are essential in the rendering of photorealistic
images [23]. Brauchart and coworkers [20] have shown
that these optimal QMC design sequences are hyperuni-
form. In Ref. [22] it was shown that good candidates to
build QMC spherical designs could be devised from sets
of points minimizing Coulomb or logarithmic (i.e. two-
FIG. 1. Spherical cap sampling region (white) of arc length,x,
area, s, and perimeter, p, where the number variance is cal-
culated.
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2dimensional Coulomb) pairwise interactions. We will see
here how this finding is reflected by our own results.
On the other hand, from a materials science perspec-
tive, the realization of particle designs on curved sur-
faces at the microscopic level, has been experimentally
achieved by means of self-assembly of colloidal particles
on oil/glycerol interfaces[24]. This opens an avenue to
experimentally devise and manipulate hyperuniform sys-
tems on curved surfaces at will. Bearing in mind the rele-
vance of hyperuniformity for the accurate representation
of images (both in bird retina and in artificial image ren-
dering), the potential technological implications of these
experimental achievements are obvious.
In order to further our understanding of hyperuniform
systems in curved spaces, in this paper we have addressed
the characterization of the local particle number vari-
ances on a collection of point and particle distributions
on spherical surfaces. Given the finite size of our systems,
the use of the infinite wavelength criterion of the struc-
ture factor to elucidate the presence of hyperuniformity
is inadequate. This means that the structural charac-
terization of hyperuniform designs on the sphere must
be focused on the density/number variances. Obviously,
in the limit of infinite sphere radius with number density
fixed, the properties of the system will approximate those
of the Euclidean case, and Eq. (1) will be again useful as a
signature of hyperuniformity. This large size connection
between curved and Euclidean geometries was already
exploited by Caillol et al. [25] to remove the effects of
periodic boundary conditions in molecular simulations,
and cope with the long range of Coulombic interactions
without resorting to the use of Ewald summations or sim-
ilar techniques.
In practice, here we will analyze the scaling of the local
particle number variance defined as
σ2n(s) = n(s)
2 − n(s)2 (2)
where s denotes the area of sampling spherical cap, and
n(s) is the number of particles contained in the sampling
window, as in Ref. [20] (see Figure 1). The bar in (2)
denotes an statistical average within the sampling win-
dow over the spherical surface. In practice, in this work
we will be dealing with point distributions composed of
finite sets of N points placed on the surface of a sphere
of radius R and total area A = 4piR2. From the work
of Brauchart et al.[20] on hyperuniform point sets on the
sphere, we know that for the uniform Poisson distribu-
tion the local number variance scales with the surface of
the sampling window, i.e. σ2n(s) ∼ s. In contrast, in
hyperuniform systems lims→∞ σ2n(s)/s = 0. In Section
II we will introduce explicit expressions connecting the
number variance with structural properties, such as the
pair distribution function.
In order to properly describe hyperuniformity on the
curved sphere, in Section III we have first analyzed the
behavior of the number variance of regular point patterns
on the spherical surface, namely a triangular grid and a
Fibonacci lattice. Since spatially ordered point patterns
such as those of crystals in Euclidean space (or partly
ordered, such as quasicrystals) are known to be hyper-
uniform, one should clearly expect the same to happen
on the spherical surface. Next, on the opposite end, we
have checked the behavior of Poisson patterns and uni-
form distributions. It is important to remark that Pois-
son patterns on the sphere cannot be built with a fixed
particle number, N. For a given average surface density
ρ = N/A one generates a series of point realizations, i,
with a total number of points, Ni, whose average is N
according to a Poisson distribution (see Appendix). This
implies that we will be studying two different types of en-
sembles, one characterized by (N,A) constant (canonical-
like), and another characterized by a (ρ,A) constant and
variable N (grand canonical-like).
In this way we will have a set of reference sys-
tems defining ordered hyperuniform and disordered non-
hyperuniform structures. We have then studied the be-
havior of fluid particles confined on the spherical surface
and interacting via potentials with different ranges, from
short range Lennard-Jones interactions, to dipolar like
(i.e. ∼ r−3) and 3D Coulomb (plasma-like) (i.e. ∼ 1/r)
interactions. To that aim we have run canonical Monte
Carlo simulations for various sphere sizes and a fixed sur-
face density. We will see the correspondence between the
hyperuniform and the non-hyperuniform reference sys-
tems on the spherical surface and in Euclidean space,
and then we will see how the interactions and the size of
the sphere play a role in the build up of disordered hype-
runiform states on this non-Euclidean space. The article
is closed with a brief summary and future prospects.
II. EXPLICIT FORMULAS FOR THE NUMBER
VARIANCE ON A SPHERE
Consider a single configuration of N points on the 2-
sphere S2, i.e., surface of a three-dimensional sphere of
radius R, as depicted in Figure 1. It is assumed that
both N and R2 are large and of comparable magni-
tude to one another. Let a =
√
h(2R− h) ≤ R and
h denote the base radius and the height of a spherical
cap, respectively. The surface area of a spherical cap is
s(a) = 2piRh = 2piR2(1 −√1− (a/R)2) where we will
be considering only the upper hemisphere, 0 ≤ φ ≤ pi/2
to avoid ambiguity. The number density of the points on
the sphere is given by ρ ≡ N/(4piR2), and n(x0; a) is the
number of points contained within a spherical-cap win-
dow centered at position x0 on the sphere. Let the win-
dow uniformly sample the space for sufficiently small a,
i.e., s(a) is much smaller than 2piR2. Following Torquato
and Stillinger [1] for the formulation in Euclidean space,
the number variance associated with a single configura-
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FIG. 2. Regular point distributions on a spherical surface: a) Triangular lattice on a sphere, b)Fibonacci distribution with
1000 sample points c) Functional dependence of the number variance in terms of the perimeter of the sampling area, p, for the
Fibonacci distribution (upper graph) and for the triangular grid (lower graph).
tion on the sphere is given by
n(a)2 − n(a)2 = ρs(a)
[
1− ρs(a)
+
1
N
N∑
i 6=j
α2(xij ; a)
]
, (3)
where X denotes again an average of a random variable
X over S2 and α2(x; a) is the intersection area of two
spherical caps whose centers are separated by a geodesic
distance x, divided by the area of a cap. Because the
variance formula (3) is valid for a single realization, one
can use it to find the particular point pattern that min-
imizes the variance at a fixed value of a, i.e., one can
find the ground state for the “potential energy” function
represented by the pairwise sum in (3).
Now imagine that we generate many realizations of a
large particle number N on the surface of the sphere so
that the density is fixed and then consider the thermo-
dynamic limit. The ensemble-averaged number variance,
σ2n(a), follows immediately from (3). We find
σ2n(a) = ρs(a)
[
1− ρs(a) + ρ
∫
S2
g2(x)α2(x; a)dx
]
, (4)
where g2(x) is the geodesic pair correlation. Brauchart
et al. [22] rigorously studied the behavior of the number
variance in the large-N limit. For any “uncorrelated”
point process, g2(x) ≈ 1 for x R, we have
σ2n(a) = ρs(a), (5)
where we have used the identity
∫
S2 α2(x; a)dx = s(a).
We call a point process on S2 hyperuniform if, as a be-
comes large,
σ2n(a)
s(a)
→ 0. (6)
In our particular case, from Brauchart et al. [21], the
normalized intersection area is given by
α2(ψ;φ) = 1− 1
pi sin2 φ/2
(
arcsin(
sinψ/2
sinφ
)
− arcsin(tanψ/2
tanφ
) cosφ
)
if ψ ≤ 2pi (7)
and zero otherwise, where ψ = x/R is the angle between
the vectors pointing to the center of the two intersecting
spherical caps. It can be shown that in the limit of R→
∞, Eqs. (4) and (7) reduce to the expressions found in
Ref. [1] for the Euclidean case in two dimensions.
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FIG. 3. Random point distributions on a sphere: a) uniform b) and Poisson (R = 1, λ = 750) c) Number variance of the Poisson
(upper) and uniform distribution (lower) as functions of the normalized area, s∗, and the normalized perimeter squared, p∗2.
Note that 4s∗(1− s∗) = p∗2.
III. NUMBER VARIANCE OF REGULAR
POINT PATTERNS ON A SPHERICAL SURFACE
In this and the subsequent sections, we perform our
analysis of the local particle number variance defined in
Eq.(2) using a spherical cap as illustrated in Figure (1).
In order to perform an adequate sampling of the num-
ber variance, a sufficiently large number of centers of the
sampling spherical cap must be chosen randomly on the
surface (around 10000). In the case of fluid particles,
only three centers (in orthogonal directions) are chosen
and then averages are performed over 105 configurations.
Now, since we also analyze the dependence of the re-
sults on the total area of the system, or equivalently, the
number of particles, it will be convenient to define nor-
malized quantities, such as the normalized arc length of
the spherical cap, x∗ = x/(2piR), the normalized area of
the sampling region, s∗ = s/(4piR2), and the normalized
perimeter, p∗ = p/(2piR). Note that these two quanti-
ties are related by 4s∗(s∗ − 1) = p∗2. Also, the number
variance will be normalized as σ2∗n (a)= σ
2
n(s)/σ
2
nmax(s),
where the subscript max indicates the maximum value
of the variance. This will facilitate the presentation of
the results and analysis of the scaling relations.
Now, we will first consider the number variance asso-
ciated with regular point patterns (in Euclidean spaces
crystals are the most familiar regular spatial point pat-
terns). Building a two dimensional lattice on an spher-
ical surface is a non trivial problem, and it is certainly
very useful in the field of astronomical observation. Here
we will resort to the icosahedron method proposed by
Tegmark [26] as an alternative for pixelizing the celes-
tial sphere. We refer the reader to [26] for the details
of the algorithm. The resulting point distribution is il-
lustrated on the upper left graph of Figure 2. Note that
this is an approximate triangular grid since the algorithm
maps the triangular faces of an icosahedron in which the
sphere is inscribed onto the surface of the sphere, and
then distorts the points to give all pixels approximately
the same area. Another alternative that yields equal area
for all grid points are the Fibonacci grids. Swinbank and
Purser have proposed an efficient algorithm to produce
this very regular grid on a spherical surface [27]. Again,
we refer the reader to the original reference for a detailed
description of the algorithm. The corresponding illustra-
tion of the Fibonacci pattern can be seen in the lower
left graph of Figure 2. These procedures devised to ob-
tain pixels of approximately the same area on the sphere
surface, are similar in spirit to the Quasi Monte Carlo
approach for numerical integration on spherical surfaces
discussed by Brauchart et al.[20]. In the latter instance,
one must choose a set of points that minimizes the error
of numerical integration, and this in turn leads to pix-
els of similar size on the sphere’s surface. In Ref. [20] it
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FIG. 4. Scaling of the normalized particle number variance, σ∗2n (s), vs normalized sampling area, s
∗ (a), and perimeter, p∗ (b),
and density ρ∗= 0.5 for different interactions types and fixed size (R∗ = 15) (upper graphs), and for the dipolar-like interaction
and various sphere sizes (lower graphs) . The functions σ2∗n (s) = 4s
∗(1 − s∗) = p∗2 describes the variance dependence for a
uniform spatial distribution of points. σ2∗n (s) = p
∗ corresponds the variances of a regular arrangement of points. When the
normalized area is used as variable, all curves apparently collapse except that of the Coulomb interaction. Deviations from the
uniform behavior are more apparent when the perimeter is used (right).
was shown that this corresponds to a hyperuniform point
distribution. The minimization constraint makes the ap-
proach deterministic, retaining nonetheless some Monte
Carlo (i.e. stochastic) character. In contrast, the result
of our two tessellation techniques would be the spheri-
cal geometry equivalent of regular grid integration sets
in Euclidean spaces.
The σ2n(s) of the two regular point patterns is pre-
sented in the right graph of Figure 2. One observes in
both cases the presence of oscillations resulting from the
almost ordered structure of our systems. On the other
hand in both instances the analysis clearly shows that
we have a scaling of the number variance linear with the
perimeter, σ2n(s) ∝ p. This will correspond to the linear
dependence on the radius of the sampling window in per-
fectly ordered lattices in a flat two dimensional space, in
which the perimeter of the sampling window is propor-
tional to its radius. This latter relation does not hold on
the spherical surface. In our study we have found that
no simple scaling can be derived using the arc length, x,
or the area, s, of the sampling spherical cap. This is a
necessary consequence of the finite character of our sam-
pling space, since when s → 4piR2 then σ2n → 0, which
implies a non monotonous dependence on the sampling
area. In contrast, σ2n presents a monotonous dependence
on p.
IV. VARIANCES OF A RANDOM UNIFORM
AND POISSON SPATIAL DISTRIBUTIONS OF
POINTS
On the other end we have “uniformly” disordered sys-
tems, such as the random uniform point distribution and
the Poisson point distribution on a sphere.
First, we focus on the local number variance of point
patterns following a random uniform distribution. The
generation of this point configuration is a trivial prob-
lem in Euclidean spaces using pseudo-random numbers.
Here, one must be a bit more careful. The simplest ap-
proach is to generate a uniform distribution of points in-
side a cube inscribing the sphere, discarding those points
outside the sphere, and then performing an orthogonal
projection of the inner points onto the surface. Alter-
6natively one can choose three pseudo-random numbers
following a Gaussian distribution centered in the sphere
of radius, R, and project the resulting point in space
onto the spherical surface. Other approaches can also be
found in Ref. [28]. σ2n(s) has been analyzed for differ-
ent sphere radii and number densities and the results,
once normalized as indicated in Section III collapse onto
a single curve, which follows the known exact result,
σ2n(s)
∗ = 4s∗(1 − s∗) = p∗2, as can be seen in Figure
3.
On the other hand, the generation of a Poisson point
distribution on a spherical surface is not straightforward.
Here it has been generated by an algorithm devised fol-
lowing the considerations of Baddeley[29]. For complete-
ness a detailed description of the algorithm is included
in the Appendix. A characteristic Poisson configuration
on the spherical surface is illustrated in Figure 3. Note
again that the configurations so generated will be charac-
terized by an average surface density, ρ, and in contrast
with the previously discussed uniform distribution, we
will not have a system with a fixed number of points,
N . Instead we will have a collection of systems whose
average N yields the average density, ρ. As mentioned
before, to some extent, this formulation recalls the rela-
tion between grand canonical and canonical ensembles.
In contrast with the uniform distribution, the maximum
of the Poisson distribution variance for a given ρ is now
reached when s→ 4piR2.
In Figure 3c we present the scaling of the normalized
number variance vs the normalized area for Poisson pat-
terns. One observes, a complete linear dependence and
the absence of oscillations characteristic of a spatially dis-
ordered and to some extent uniform distribution. This
dependence is fully consistent with that of Poisson pat-
terns on flat surfaces, σ2n(s) ∝ s [1]. Interestingly, if we
now try to look for the same scaling for the the strictly
uniform (constant surface density) point distribution, one
finds that it does not conform to the surface scaling rela-
tion. In consonance with our findings for ordered, regu-
lar patterns, we see in Figure 3c that σ2n(a) ∝ p2. Thus,
it turns out that the perimeter will now again be the
scaling variable. In analogy with the definitions for Eu-
clidean spaces, we will consider systems with fixed N and
squared perimeter variance scaling as non-hyperuniform.
In this way, we have defined what will be our refer-
ence results for scaling of the local number variance on
TABLE I. Summary of the scaling behavior of the number
variance with the geometric parameters of the sampling spher-
ical cap whose area is s and perimeter is p for regular, Poisson
and uniform spatial point distributions.
Point pattern scaling
Poisson distribution σ2n(s) ∝ s
Uniform distribution σ2n(s) ∝ p2 ∝ s(1− s)
Triangular lattice σ2n(s) ∝ p
Fibonacci lattice σ2n(s) ∝ p
the spherical surface. We will see that intermediate sit-
uations between linear and quadratic scaling will also be
possible, following
σ2n(s) ∝ pδ with 1 < δ < 2, (8)
that from Eq.(6) will also correspond to hyperuniform
configurations. A summary of the systems considered up
to this point is presented in Table I.
V. NUMBER VARIANCES IN FLUIDS OF
INTERACTING PARTICLES
In this section, we present some results of Monte Carlo
simulations in a canonical ensemble (particle number,
area and temperature fixed) for particles on a spherical
surface interacting with the potential functions summa-
rized below in Eqs. (9) and (10). In what follows, N , A
and T are the number of molecules, the sphere area, and
temperature, respectively. The simulation starts when N
particles are randomly placed on a sphere surface of ra-
dius R. We then perform 5× 105 translational attempts
along random directions on the surface in order to equili-
brate the system. Averages are calculated over 105 statis-
tically independent configurations. Here we will analyze
the effect of different interactions and sphere radii (sys-
tem size) on the local particle number variances. Bearing
in mind the results of the previous Section, we will be
able to see how the interaction tunes the hyperuniform
character of the fluid structure.
The net interparticle interaction has a short range dis-
persive/repulsive component of the Lennard-Jones (LJ)
form:
Ulj(r) = 4
(
(
σLJ
rij
)12 − (σLJ
r∗ij
)6
)
, (9)
where the Lennard Jones parameters,  and σLJ , are
taken as the energy and length scale respectively. A re-
duced temperature is defined and set to T ∗ = kT/ = 1.3,
well above the critical temperature for a LJ fluid prac-
tically confined in a two dimensional space. Distances
will be scaled as r∗ij = rij/σLJ , and R
∗ = R/σLJ , and
density as ρ∗ = ρσ2LJ . It must be stressed that r
∗
ij is the
Euclidean distance between particles i and j, and not the
arc length. Our particles are actually three dimensional
entities with three dimensional interactions restricted to
move on the sphere’s surface. To the LJ interaction we
will add dipolar-like, charge-dipole, and charge-charge
contributions. To simplify the problem, dipoles are kept
perpendicular to the surface, as if under the influence
of an electric field whose source is at the center of the
sphere. We will also consider the case of purely parallel
dipoles, which leads to a simple 1/r3 repulsion, and for
the charge-dipole interaction we will also consider that
dipoles are orthogonal to the line joining the particle cen-
ters. This is a crude approximation to the case of dipoles
7perpendicular to the surface. The explicit form of the
interactions used is:
Udd = Ulj +
α∗
(r∗ij)3
[(~si · ~sj)− 3(~si · ~rij)(~sj · ~rij)
(r∗ij)2
]
Udd|| = Ulj +
α∗
(r∗ij)3
Udc = Ulj +
γ∗
(r∗ij)2
Ucc = Ulj +
β∗
(r∗ij)
(10)
where γ∗, β∗ = 1 and α∗ will be set to unity in most
cases, except when analyzing the effect of the repulsion
strength on the number variance and pattern formation.
We have determined the local number variance for two
different radii, R∗ = 5 and R∗ = 15. This is plotted
for the latter case in Figure 4 using normalized quan-
tities. Results for R∗ = 5 are omitted since they are
qualitatively very similar. In the right graph of Fig-
ure 4 two reference curves have been added, one rep-
resenting the linear dependence on the sampling area
perimeter (strongly hyperuniform scaling) and another
for the quadratic dependence (regular disordered non-
hyperuniform systems). One immediately observes that
as the range of the potential increases, the scaling be-
comes hyperuniform, i.e. σ2∗n (s) ∝ p∗δ with δ < 2,
and δ decreasing as the interaction range increases. In
fact, for the Coulomb like interaction we have δ ≈ 1.4
Note the this interaction gives strictly δ = 1 for planar
surfaces[30]. The pure LJ fluid, as in the Euclidean case,
displays no hyperuniformity, and conforms to the same
scaling as the uniform random point patterns.
Interestingly, a comparison of the pair distribution
functions, g2(r), for different interactions (not shown),
tuning just the long range component as we have done in
the results of Figure 4, does not show the emergence of
any particular feature when hyperuniformity builds. As
shown in Ref. [31], hyperuniformity seems to be associ-
ated with the build up of some sort of long range order
involving more than two particles, which is not easily
captured by pairwise quantities such as g2(r), except in
the infinite long range limit (r → ∞, Q → 0), which is
not accessible in the present instance.
Now, in the lower graphs of Figure 4 we observe how
the size of the “confining” sphere affects the local par-
ticle number variance. To that aim we have just fo-
cused on the dipolar-like interaction. The 1/r3 repulsion
leads to a hyperuniform behavior in three dimensions,
and quasi-hyperuniformity in two dimensions (see Eq. (4)
in Ref. [30]). We see that for large spheres (R∗ = 25),
σ2∗n (s) practically scales as a uniform random point distri-
butions, and it finally deviates somewhat for the smallest
sphere. This is an indication that curvature (whose rel-
ative effect is increased as the size is smaller with fixed
surface density) seems to enhance hyperuniform-like be-
havior.
We turn now to the analysis of the interaction strength
effects. To that purpose we choose the dipole-dipole po-
tential, Udd in Eq.(10), and vary the interaction strength
parameter, α∗, from 1 to 6. The effect on the local num-
ber variance is visible in Figure 5. One can clearly ob-
serve that as the strength of the interaction increases
(and consequently its effect on the long range order is
enhanced) the degree of hyperuniformity grows, until fi-
nally for α∗ = 6 we are back to the linear scaling (strong
hyperuniformity) with the characteristic oscillations of an
almost ordered regular pattern. This pattern formation
is readily seen in the snapshots of Figure 6. One appre-
ciates there that for the largest interaction strength the
particles are almost ordered in a trigonal lattice. This is
mostly an energetic effect (even if entropy is also maxi-
mized), by which the particles adopt a configuration that
maximizes the interparticle distances, thus minimizing
the repulsive energy. With this quasi-ordered state we
are back to the purely linear dependence of the local
number variance of the trigonal and Fibonacci lattices.
This low temperature (or high α∗) states recall the point
patterns that minimize the Coulomb energy, which ac-
cording to Ref. [22] provide suitable spherical designs for
QMC integration.
All other intermediate disordered situations are also
hyperuniform, but interestingly none of them (and nei-
ther does the pure Coulomb repulsion) reaches at finite
non-zero temperature the limiting behavior of ordered
structures, δ = 1. This is in contrast with the situation
found for plasmas in Euclidean space [30, 31] which pro-
duce structural hyperuniform configurations at any finite
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FIG. 6. Snapshot of simulated system for different repulsion strength when the interaction is Udd.
temperature.
Finally, we see now how the structuring of the fluid as a
consequence of the increasing interaction strength reflects
on the pair distribution function depicted in Figure 7.
Here the build up of strong short range order is seen
in the marked oscillations of g2(r) for α
∗ = 6. The fact
that one obtains a smooth curve and not the sharp spikes
typical of solids is the result of the thermal motion of the
particles around the equilibrium positions and the curved
nature of the sampling space.
VI. CONCLUSION
In summary, we have shown that, in parallel with the
situation found in Euclidean space, point configurations
on a sphere surface may exhibit two types of scaling of
the local number variance with the size of the sampling
window: regular point patterns display a linear depen-
g 2(
r* ij
)
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FIG. 7. Pair distribution function for as a function of repul-
sion strength for dipole-dipole like interactions when R∗ = 5
and ρ∗= 0.5
dence on the perimeter of the sampling window, and uni-
form point patterns show a quadratic dependence. Strict
Poisson distributions (characterized by an average den-
sity) have local number variances that depend linearly
on the area of the sampling window. Due to the curva-
ture of the space, the area of sampling window does not
depend quadratically on the perimeter, in contrast with
the flat two dimensional situation. Additionally, we have
seen how increasing the long range of the interaction en-
hances the degree of the hyperuniformity. A similar effect
is found when decreasing the size of the sphere where the
sample is contained. This can be understood in terms
of the increase of the relative interaction range in terms
of system size. Finally, we see that for the dipolar in-
teraction (and most likely for all repulsive interactions
of medium/long range), increasing the strength of the
interaction also induces a higher degree of hyperunifor-
mity, finally leading to the formation of regular ordered
patterns.
Future work will focus on the study of different ge-
ometries, such as cylinders or ellipsoids, of relevance
in technology and biological systems. We also plan to
study the effect of interactions that favor the formation
of quasi-crystal structures, in particular those that im-
plement highly directional bonding interactions as found
in patchy colloids.
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Appendix: Generating a Poisson point distribution
on a sphere.
We recall that a random variable whose values are the
non-negative integers has a Poisson distribution with pa-
rameter λ > 0 whenever P [X = k] = e−λλk/k! for
k = 1, 2, .... It is often abbreviated by saying that X
has a Poiss(λ) distribution. Some basic properties are:
• If X has a Poiss(λ) distribution then E(X) =
V ar(X) = λ
• IfX1, ..., Xn are independent random variables hav-
ing Poiss(λ1), ..., Poiss(λn) distributions respec-
tively, then X1 + ...+Xn has a Poiss(λ1 + ...+λn)
distribution.
Let S be a sphere. For each region A ⊆ S we denote its
area by µ(A) . Suppose that we have a random distri-
bution of points on the sphere. For each region A ⊆ S
we denote N(A) the random variable “number of points
in A.” We have a random spatial point process with
parameter c > 0 whenever
• For each A , N(A) has a Poiss(cµ(A)/µ(S)) dis-
tribution.
• If A1, ..., An are mutually disjoint regions then
N(A1), ..., N(An) are independent random vari-
ables.
We recall that each point in the sphere has two angular
spherical coordinates θ and φ. In order to generate a set
of points distributed according to a Poisson spatial pro-
cess on the sphere with parameter c we have developed
an algorithm based in an usual idea in this subject:
1. We subdivide the sphere into small, mutually dis-
joint “spherical rectangles” R1, ..., Rm so that the
angular coordinates (θ, φ) of every point in Rj sat-
isfy inequalities of the form θj1 < θ ≤ θj2 and
φj1 < φ ≤ φj2.
2. For each Rj we generate a random number kj ac-
cording to a Poiss(cµ(Rj)/µ(S)) distribution and
kj points uniformly distributed in Rj are generated.
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